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1. Introduction 

It is well known that the infinite-dimensional Schrodinger Lie algebras and Virasoro alge- 
bra play important roles in many areas of mathematics and physics (e.g., statistical physics). 
The original Schrodinger-Virasoro Lie algebra was introduced in [5], in the context of non- 
equilibrium statistical physics, containing as subalgebras both the Lie algebra of invariance 
of the free Schrodinger equation and the Virasoro algebra. The infinite-dimensional Lie al- 
gebra discussed in this article called the twisted Schrodinger-Virasoro algebra is the twisted 
deformation of the original Schrodinger-Virasoro Lie algebra. 

Both original and twisted Schrodinger-Virasoro Lie algebras are closely related to the 
Schrodinger Lie algebras and the Virasoro Lie algebra (see [6], [7j, [E] and [I2])- They 
should consequently play a role akin to that of the Virasoro Lie algebra in two-dimensional 
equilibrium statistical physics. 

Motivated by the research for deformations and central extensions of both original and 
twisted Schrodinger-Virasoro Lie algebras, the sets of generators provided by the cohomology 
classes of the cocycles were presented in [10] . In [13] , the author constructed vertex algebra 
representations of the Schrodinger-Virasoro Lie algebras out of a charged symplectic boson 
and a free boson with its associated vertex operators. The purpose of this article is to 
determine the derivation algebra and the automorphism group of the twisted Schrodinger- 
Virasoro Lie algebras =Sf . We show that the derivation algebra of ^ is the direct sum of 
three linear independent outer derivations and the inner derivation algebra. Finally, we 
characterize the automorphism group Aut^Sf of 

Now we give the definition of the Lie algebra =Sf . A Lie algebra ^ is called a twisted 

^Supported by NSF grants 10471091, 10671027 of China, One Hundred Talents Program from University 
of Science and Technology of China. 
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Schrddinger-Virasoro Lie algebra (see [ID]), if has the C-basis 



{L„, F„, M„, C I n G Z} 



with the Lie brackets 



rr" — n 



[Ln, Ln'] = {n' - n)Ln+n' + ^n-n' C, (1.1) 
71 

[Ln,Y^] = {m- -)Yn+m, (1.2) 

[L„, Mp] = pM„+p, (1.3) 

[Ym, Ym'] = {m - m)Mm+m', (1-4) 

Mp] = [M„, MJ = C] = 0. (1.5) 

The twisted Schrodinger-Virasoro Lie algebra has an infinite-dimensional twisted Schrddinger 
subalgebra denoted by SS with the C-basis {Yn, Mn | n G Z} and a Virasoro subalgebra de- 
noted by 23 with the C-basis C | G Z}. The action of the Virasoro subalgebra on the 
Schrodinger subalgebra is natural. The center of =Sf, denoted by C(=Sf), is two-dimensional, 
spanned by {Mq,C}. Introduce a Z-gradation on ^ by degL„ = degF„ = degM„ = n, 
degC = and decompose ^ with respect to the following gradation: 

^ = X., =^0 = Spanc{Lo, Fq, Mq, C}, ^„ = Span^jL,, F^, MJ, n G Z\{0}. 

Throughout the article, we denote by Z* the set of all nonzero integers and C* the set 
of all nonzero complex numbers. 

2. The derivation algebra Der^ of =Sf 

Let be a =Sf-module. A linear map ip from ^ to V is called a derivation, if for any 
x,y & we have 

(p[x,y] = x.ifiy) - y.ifix). 
For V & V, the map : x — x.v is called an inner derivation. 

Denote by Der(^, V) the vector space of all derivations, Inn(=Sf , V) the vector space of 
all inner derivations. Then the first cohomology group of =Sf with coefficients in V is 

H\^, V) = Derc(^, l^)/Innc(=^, V). (2.1) 

The right-hand side is also called the space of outer derivations. 

By definition, the algebra =Sf is a semidirect product of Z-graded algebras ^ = 23 x SS, 
with 03 := Q^ggCL^eCC being the Virasoro algebra and SS := 0„g2(Cr„©CM„) being 
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the twisted Schrodinger algebra. Clearly, QJ is Z-graded by 5Jo = CLq © CC and 5J„ = CL„ 
forn e Z \{0} while SS is Z-graded by SSn = CF„ © CM„ for n e Z. By [8], the short 
exact sequence 

{0} — ^SS — ^ ^ — > ^/SS — > {0}, 
induces a long exact sequence 

{0} — > H\^, SS) ^ H\^, M H\^, ^/SS) — > 

H\^, SS) — > H\^, ££) — > H\^, ^/SS) — > ■ ■ ■ (2.2) 

of Z-graded vector spaces. Note that H^{^,SS) = SS^ = CMq, while H%^,^) = 
^ CMo + CC, and H^{^, ^/SS) = {^/SS)^ ^ CC. From this we see that the map 
/ is surjective. Thus (12. 2 p gives the following exact sequence 

{0} — > H\^, SS) — > H\^, S£) — > H\^, ^jSS). (2.3) 

The right-hand side of (12.31) can be computed from the exact sequence 

{0} — > H\^/SS, ^jSS) — > H\^, ^jSS) — > H\SS, ^/SS)^. (2.4) 

Note that j SS, =Sf / SS) = (23, 5J) is the algebra of outer derivations of the Virasoro 

algebra 23, which is equal to zero by [11], while H^{SS, ^ / SS)^ can be embeded into 
}lomu(^(}3){SS/[SS, SS],^) (where W(93) is the universal enveloping algebra of 23). Therefore, 
by (ESD and (El, H\^, ££) will follow from the result of the computation of E^{££, SS) 
and ^omu{'a){SSI\SS, SS\, 23). 

Lemma 2.1. Der(^, SS) = Der(^, SS)o + Inn(^, SS), where 

Der(^, SS)o = {V e Der(^, SS) \ P(^„) C SS^, for any n e Z}. 

Proof. This follows immediately from (1.2) of [1]. □ 

Lemma 2.2. T> G Der(=Sf , SS)q if and only if V is a linear map from ^ to SS satisfying 
the following conditions: 

(i) V{L^) = {dn + di)Mn, 

(ii) P(M„) = 2(7oM„, 

(iii) V{Yr,)=goYn, 

(iv) ViC)=0, 

for any n G Z and some d, di, go G C. 
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Proof. Let Vhea linear map form ^ to SS satisfying (i)-(iv). It is clear that C SSn, 
and it is easy to check that D is a derivation from =Sf to SS. 

Let V E Der(=Sf , SS)o. For any n G Z, assume 

V{Ln) = CnYn + dnMn, Cn, dn G C. (2.5) 

Applying V to [Li, Ln] = (n — and [L-i, i^n+i] = {n + 2)L„, we obtain 

77' 1 

{di - ndn + {n- l)rf„+i)M„+i = ((- - l)ci + {n - -)c„ - (n - l)c„,+i)F„+i, (2.6) 

n + 3 3 
((n + 2)c/„ - c?_i - (n + l)rf„+i)M„ = (^— c-i - (^^ + 2)c„ + (n + -)c„+i)F„. (2.7) 

Comparing the coefficients of M„+i, F„+i in (12.61) and M„, F„ in (12. 7p . one has 

(n - l)(in+i = ndn - di, (2.8) 

TTv 1 

{n - l)cn+i = i- - l)ci + (n - -)cn, (2.9) 

(n+l)d„+i = (n + 2)ci„-d„i, (2.10) 

3 n + 3 
(n + -)cn+i = {n + 2)cn ^^-1- 

Subtracting (12. 8p from (I2.10p . and (12. 9p from (12. lip , we respectively obtain 

dn+i-d^, = ^^^^, (2.12) 

Tl 1 

Cn+i - c„ = - g + ci) + -(2ci - 3c_i). (2.13) 

Denoting = d and using induction on n in (I2.12p . one can deduce 

dn = di + {n - l)d, VneZ. (2.14) 

Taking = — 1 in ( 12. lip , one obtains Cq = 0. Then taking n = in ( 12.13P gives Ci = — c_i. 
From this, (12.130 can be rewritten as c„+i — c„ = Ci. Thus c„ = nci. This together with 
gives 

c„ = 0, VnGZ. (2.15) 

According to the equations ()2.14p and (I2.15p . for any G Z, we can rewrite (12.50 as 



V{Ln) = {di + {n- l)d)Mn, where d, di G C. (2.16) 
Re-denoting di — d hj di, we obtain (i). 
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Applying V to [L_^, L3] = 6L0 — 2C, one has 

6(rfi - rf)Mo - 2V{C) = 6V{Lo) - 2V{C) = V{[L_s, L3]) 

= [{di - 4d)M.s, Ls] + [L_3, {di + 2d)Ms] 
= 3{di - 4rf)Mo + 3(di + 2d)Mo 
= 6{di - d)Mo. 

This gives 'P(C) = 0. Thus (iv) follows. 
For any n G Z, write 

V{Y^) = g^Y^ + KM^, /i„ G C. (2.17) 

Applying V to [Li,y„] = (n — |)l^n+i and comparing the coefficients of Y^+i and M„+i, we 
obtain 

- ^)fl'n = ('^ - ^)5'n+i, = - (2.18) 

Applying V to [L-ijYi] = |Fo and comparing the coefficients of Yq and Mq, we obtain 
gi = go, hi = I/iq. Then using induction on n in fl2.18p . one obtains 

gn = go, hn = 0, W n e z. (2.19) 

Therefore, for any n G Z, one can rewrite fl2.17p as T^iYn) = goYn, i.e., (iii) follows. 

For any m,n E Z, applying V to = (n — m)Mn and using (iii), one can easily 

obtain (ii). □ 

Set di = 1, d = (7o = 0; d = 1, di = (70 = 0; go = 1, di = d = Q 'm. V & Der(^, SS)q 
respectively, we obtain three derivations from =Sf to SS: 

Vi : I?i(L„) = M„, Pi(M„) = I?i(F„) = Pi(C) = 0; 
V2 : V2{L^) = riMrr, V^iM^) = V^iY^) = V^iC) = 0; 
V, : V,{Y^) = F„, V,{M^) = 2M„, V^iL^) = V,{C) = 0; 

where n G Z. It is straightforward to verify that Pj, i = 1,2,3, are linear independent outer 
derivations. Thus (12. ip and Lemma 12.21 prove Lemma 12.31 below. 

Lemma 2.3. H\^,SS) = CPi+CPa+CPa- 
Lemma 2.4. Homu(^){SS/[SS, SS], 2J) = 0. 
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Proof. By the definition of SS, we have [SS*, S'S] = Spanj^{M„ | n G Z}. For any / G 
B.omu(^(}j){SS/[SS, SS], 2J) and any n G Z, one can assume 

/(K) = Ep'k^Lk + c^'^^C, for some c^") G C. 



For any m, n G Z, applying / to both sides of [L^, y„] = (n - m)Ym+n, using /([L^, F„]) = 
[Lm, fiXn)], one has 

- + pLl^^^^C = - m) (Ep^^"^^. + c^-'-^'-^C) . (2.20) 

Comparing the coefficients of C and in (12.201) . one has 



pLl^^^ = (n-m)c(-+"), (2.21) 

(n - m)pf = (A: - 2m)pi"l. (2.22) 

Taking m = 0, 7^ and m = l,n = —1 in (I2.2ip respectively, one immediately obtains 
C^"-) = forn G Z. Using this in (lOTll . one has 

p^") = for all k ^ {-1, 0, 1}. (2.23) 

If A; G { — 1, 0, 1}, by choosing some m such that 2n — m ^ and k — m ^ 0, 1} and 

replacing n by n — m in (I2.22p . and using (I2.23p . one again obtains p^^^ = 0. This proves 
f(Yn) = for all n G Z. □ 

Theorem 2.5. Der^ = CV1+CV2+CV3+ ad^ . 

Proof. By Lemma [231 H^{SS, ^/ SS)-^ = 0. According to the exact sequence (12.41) and 
the fact H\^/SS,^/SS) = 0, we have H\^,^/SS) = 0. So by Lemma O and the 
exact sequence (12. Sp . one has 

Hence the theorem follows from H^{J^,J^) = Der^/ad^. □ 

3. The automorphism group Aut=5f of 

Throughout this section, we denote by Inn(.if) the set of inner automorphisms. Then 
Inn(=Sf) is a normal subgroup of Aut^ and 

Inn(^) is generated by exp(A;adLo), exp(A;ady^) and exp(A;adM„), (3-1) 

where n G Z, G C. 

Denote Ji = Spanj.{M„, C | n G Z} and J2 = Spanj.{F„, M„, C \ n E Z}. They both are 
ideals of And the following lemma is clear. 
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Lemma 3.1. For any 6 G Aut^ , one has B(Ji) C (i = 1,2) and B(C(^)) C C{^). 
For any a G C*, we can define the following maps on 

- C; (3.2) 
^ -C- (3.3) 
^ C. (3.4) 

It is easy to see that f^^ G Inn^, e, ipa ^ Aut^ \ Inn^. 

Lemma 3.2. For any f5 G Aut(=Sf), i/iere exists an automorphism ^ G Inn(=Sf) of the form 
a G C*,6o,co,c?o e C. 

Proof. For any f5 G Aut(=Sf), we can assume that 

a(Lo) = J2a^L, + J^bjYj + J^CkM^ + a{Lo + 6o>o + cqMo + 4^), (3.5) 

17^0 jVO fc^O 

where ai,bj,Ck G C, a G C* (we must have a 7^ 0, otherwise, o"(Lo) would be ad-locally 
nilpotent while Lq is ad-semi-simple). 

We shall find some ^ = exp( ^ b'^adYj + ^ c'^adM^) G Inn(=2'), such that 

a{Lo) = exp(E6;.ady, + ^ c'^adM^) (a'(Lo + 6[,Fo + c[,Mo + d',C)). (3.6) 

for some a' G C*, 6^-, c'^, (ig G C. We only need to solve a', 6j, cj., (ig by comparing the 
coefficients of Li, Yj, Mk and C, which gives 

a = a', bo = fe'o, Cq = Cq, do = d'^, b'^ = (3.7) 

J2 lil - i)k'^a-H-H-\bi 
4 = -bob', - a-'k-'c, - '-^ . (3.8) 

Applying to both sides of (13. 5p and using (13. 7p . we obtain 

rV(Lo) = a(Lo + boYo + CqMo + doC). (3.9) 



Lemma 3.3. 60 = 0. 
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Proof. Since Lq is an ad-semi-simple element in then ^^^cr(Lo) = a(Lo + &o^o + CqMq + 
(ioC) is also ad-semi-simple in By linear algebra, the following matrix (given by the 
adjoint action of ada(Lo + &o^o + cqMq + doC) on the basis Yn, Mn, C} of =Sf„ ) 



/an \ 

^ an 

afeo^^ ct^ 

\ / 



can be diagonalized, which forces 6o = 0. This lemma follows. □ 

According to Lemma [3.21 and [373| for any 6 G Aut(=Sf), by replacing B with for some 
^ G Inn(^), we can write 



fi(Lo) = a(Lo + CoMo + c/oC), 



(3.10) 



where a G C*, Cq, do G C. 



Lemma 3.4. For any B G Aut(=Sf), by replacing B wi/i eB if necessary where e is defined 
in flJ.,31) . t(;e can write 

B(Lo) = Lo + CoMo + doC B(r„) = e:,F„ + e':^M^ + 5„,oeoC, B(M„) = f^M^ + 6n,ofoC, 
for some n G Z, e^, G C*, Cq, /o, G C. 



Proof. By Lemma 13.11 we can write 



B(MO = E/;M + /nC, 



(3.11) 
(3.12) 



where G C*, f[ G C* (^ ^ 0), e^', e„, /„ G C, n G Z. 

Applying B to [Lq, = nYn and [Lq, M„] = nM„, we obtain 

a(Lo + coMo + doC), Y.<Y, + E^M, + e„cj = n{Y.e[Yi + ^ejM, + e„C) 



a(Lo + CoMo + doC), EZ/M, + /^C = n(E/;M, + /„C) 



That is, 



E(ai - n)eiyi + E(aj - n)e'-Mj - ne„C = 0, 
Y.{ai-n)f[M,-nf,C = Q. 



(3.13) 
(3.14) 
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Comparing the coefficients of y^, Mj and C in the above two equations, we obtain 

G Z, {aj-n)ej=0, e„ = (5n,oeo and /n = 5n,o/o, (3.15) 



a 

for all n G Z. It follows that 

a = ±1, i = an and ej = if j 7^ an. (3.16) 

According to (I3.15p and (13.161) . one can respectively rewrite f l3.1ip and fl3.12p as 

fi(F„) = e'.^Yan + e'i^Man + SnfiCoC, (3.17) 
fi(M„) = /1M,„ + Vo/oC. (3.18) 

For one case a = 1, the lemma is right. For the other case a = — 1, replacing B with eQ, we 
can rewrite (13.101) . fl3.17p and (13.181) as those in the lemma. Then this lemma follows. □ 

Lemma 3.5. Let 6 G Aut{^) be such that 

B(Lo) = Lo + CoMo + doC, B(y„) = e'^Y^ + e'^M^ + <5„,oeoC, B(M„) = f^^M^ + S„.,ofoC, 

where n G Z, e^, G C*, eo,/o,e" G C. Then by replacing B ipx^y^ for some x,?/ G Z* 
{where By and -i/^^. are defined in i\3.S^ and i \3.4\) respectively) , one can suppose B = Sa,f3,-y for 
some a, /5, 7 G C, where 5a,/3,7 ^-^ defined by 

Sa,f3,j{C) = C, (3.19) 
5a,/3,7(^n) = (3.20) 

5a,/3,7(^n) = Y„ + 2anM„, (3.21) 
^a,/3,7(^n) = + + (ftV + /3n + 7)M„. (3.22) 

Proof. For any n G Z*, we can write 

a(L„) = E^ii^i + EvjY, + EwkMk + Cn, (3.23) 

i j fc^O 

where Ui G C*,^;^,^;^ G C, C„ G C(^). 

For any n G Z*, applying a to nL„ = [Lq, Ln], we obtain 

Y^nUiLi + Y^nVjYj + Y^nvOkM^ + nC„ = na{Ln) = (t{[Lo, L„]) 

i j k^O 



k- 



i j k^O 

Comparing the coefficients of Li, Yi, Mi and C„, one has 

Ui = Vi = Wi = if i 7^ n, and C„ = for any n G Z*. 
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Hence fl3.23l) can be rewritten as 

a{Ln) = UnLn + fn^n + WnMn wherC 71 G Z*. (3.24) 

For n 7^ 0, ±1, applying a to {n — = [Li, we obtain 

(n - l)a{Ln+l) = {n- l){Un+lLn+l + + Wn+lMn+l) = [cr(Li), Cr(L„)] 

= (n - 1)miM„L„+i + {{n - + (2 ~ l)^lWn)'^n+l 

+ {nUiWn + {n- l)ViVn - WiUn)Mn+l. 

Comparing the coefficients of -L„+i, and M„+i, one has 

Un+l = UiUn, (3.25) 
1 Tl 

{n - l)t;n+i = (n - -)uiVn + ("^ " l)^i«n) (3.26) 

(n - l)Wn+l = nUiWn + {n- l)ViVn - Wl^n- (3.27) 

Applying a to = — 2Lo, we obtain 

-2a(Lo) = -2(Lo + CoMo + rfoC) =fi([Li,L_i]) 

3 

= -2miM_iLo - -(^^l^'_l + ViU^i)Yq - {uiw_i + 2viV_i + Wi?i_i)Mo. 

Comparing the coefficients of Lq, Iq; and C, one has 

M_i = (3.28) 

= -n^V, (3.29) 

Co = -^(Miti?-! + 2fiw_i + wiMj"^), rfo = 0. (3.30) 
By f l3.10p . we can rewrite BLq as 



B(Lo) = /^o + ^(miw_i + 2viv-i + wiMi ^)Mo. 



Applying a to [L2, -^-2] = — 4Lo + |C, we obtain 



-4(Lo + coMo) + ^BC = B([L2, L^^]) 



-AU2U_2Lo - 3{U2V_2 + ^^2^-2)^0 + ^U2U_2C - 2M2W_2^0 
-4f2t;_2^0 - 2W2M-2^0- 
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Comparing the coefficients of Lq, Yq, using fl3.30p and Lemma [XT| one has (noting that 
aC G C{^) ) 

U2 = uZ\ = Ml, (3.31) 
V2 = —U2V-2UZ2 = 2uiVi, (3.32) 
fiC = C + 4('Uiw_i + 2viV-i + wiUi^ — U2W-2 — 2v2V^2 ~ W2U-2)Mq. (3.33) 

According to (l3:28|) . (I33B and (l3:25|) . one obtains 

= Ml for any n E^L* . (3.34) 

Similarly, by dSSHD, flX^ and H^^TM . one has 

f„ = nu'^^^Vi for any n G Z*. (3.35) 

Noting the equations (13.341) and fl3.35p . for n 7^ 0, ±1, we can rewrite (13.271) as 

{n — l)wn+i = nuiWn + {n — l)u'^''^vl — Wim". (3.36) 

For any n G Z, applying 6 to both sides of [Li, Yn] = {n — |)F„+i, one has 

(n - ]^){uie^ - e^+i)F„+i + {{n - l)vie'^ + nuie^ - {n - ^)eJ^+i)M„+i 

= {n- ^)5„+i,oeoC- 

Comparing the coefficients of Yn+i-, M„+i and C in the above equation, one has 

eo = 0, (3.37) 
e^+i = Mie^, (3.38) 

{n - ^)e"+i = {n- l)vie'^ + nuic'^. (3.39) 
Using induction on n in (13.381) . one has 

e'n = (3.40) 
Applying B to both sides of [L-i, Yi] = ^Yq, one has 

^6(ro) = ^e>_iro + (2e>_i + eVi)Mo 
3 

= ^.in. 
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So we can rewrite QYq as QYq = c'qYq, and Cq = 0. Using induction on n in fl3.39p . one has 

e';^ = 2nu\-^vx(^Q. (3.41) 
By the equations (13.371) . (I3.40p and (I3.4ip . for any n G Z, we can rewrite B(y'„) as 

B(F„) = <e[,r„ + 2nu\-\^e'^M^. (3.42) 
For any n ^Tj, applying B to both sides of [Li, M„] = nM„_|_i, one has 

nuif^Mn+i = nf^^^Mr,+i + n5„+i,o/oC. (3.43) 
For 77, = —1, comparing the coefficients of Mq and C in (I3.43p . one has 

/ii=«rVo, /o = 0. (3.44) 
For n 7^ 0, — 1, using (13.440 and comparing the coefficients of Mn+i and C in (13.430 . one has 

fUi = «i/n- (3.45) 
Applying B to both sides of [L2, M_i] = —Mi and comparing the coefficients of Mi, one has 

f[ = U2fU = ului^r, = uifi (3.46) 
According to the equations (13.440 . (I3.46P and using induction on n in (I3.45p . one has 

= VnGZ. (3.47) 

By the equations (13.440 and (13.470 . for any n G Z, we can rewrite B(M„) as 

B(M„) = </^M„. (3.48) 
Applying B to [Yli, Yi] = 2Mo and comparing the coefficients of Mq, one has 

/o = e'o'. (3.49) 
By the equations (13.480 and (13.490 . for any n G Z, we can rewrite B(M„) as 

B(M„) = <e[,'M„. (3.50) 
By now, the results that we have obtained can be formulated as follows 



B(L„) 


J <L„ + n< ^ViYn + WnMn, U ^ 0] 

\ Lo + |(uiw-i - 2m^V + M];^wi)Mo, 


n = 0; 


(3.51) 


B(y;) 


= <e[)y„ + 2r2M""^t;ieoM„, n G Z; 




(3.52) 


6(M„) 


= <eo^M„, n G Z; 




(3.53) 


m 


= C + 4(Miti?_i + GUi'^vl + Ui^Wi — u\w_2 




(3.54) 
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Replacing B by ip^,^~iQ^~iQ where fi„-i and ^ej,-^ defined in (13.21) and (13.41) and denoting 
Cq'^Ui^Vi by v[, e'Q~'^Ui^Wn by w'^, we can rewrite the above equations as follows 

r L„ + nv[Yn + <M„, n ^ 0; 
6C^„ = < , 2 3.55 

fi(y„) = F„ + 2nv[Mn, n e Z; (3.56) 
B(M„) = ne Z; (3.57) 

6(C) = C + A{w'^^ + &v[^ + w[-w'_^-w'^)Mq. (3.58) 

For n 7^ —1, 0, applying a to [Li, L„] = (n — l)L„+i, we obtain 

a ([Li, L„]) = (n - 1) (L„+i + (n + l)t;;y„+i + <+iM„+i) 

X ft 

= {n- l)L„+i + (n(n - -)v[ + (- - l)t;0^n+i 
+ (nw^ + n{n - l)v'i^ - w;QM„+i. 
Comparing the coefficients of M^+i, one has 

(n — l)w'^^^ = nw'^ + n{n — l)v'^ — w\. (3.59) 

In particular, one has 

= w'_^ + 3v[^ + — = w[ + 3v[^ + — —. (3.60) 

For n 7^ —1, 0, applying a to [L^i, Ln+i] = {n + 2)Ln, we obtain 
cr([L_i,L„+i]) = (n + 2)(L„ + TO;r„ + <M„) 

= {n + 2)L„ + {{n + l){n + ^)v[ - '^v[)Y^ 
+ {{n + l)w;+i -{n + l)(n + 2)v[^ + w'_^)Mn. 
Comparing the coefficients of M„, one has 

{n + iX+i = {n + 2X + {n + l){n + 2)v[^ - w'_^. (3.61) 
In particular, one has 

w'^ = w[ + 3v[^ + — —. (3.62) 

For n 7^ —2, 0, ±1, subtracting (13.591) from (13.611) . one has 

<+i -< = i^n + l)v[' + (3.63) 
13 



According to the equations (13.601) . fl3.62p and 03.631) . we obtain 

= Wi + [n - l){n + l)v^ H , VneZ. (3.64) 

If we denote v[, , w[ — v'^ — respectively by a, /?, 7, then for any n G Z, the 

equations (I3.55p - (l3.58p can be rewritten as (I3.19p - (l3.22p . The lemma follows. □ 

From (I3.19P — (13.221) . one immediately see 

^a,/3,7'^a',/3',7' = ^a+a',/3+/3',7+7'+2ao' ; (3.65) 

5a,/3,7 = a = a\ (3 = (3\ 7 = 7'. (3.66) 

For any 

&=(■■■, &-2, 61, &2, ■ ■ ■ C = (■ ■ ■ , C_2, C_i, Ci, C2, ■ ■ ■ ) ^ (3-67) 

we denote 

= exp(^6,adF, + ^CfcadM^) G Inn(^). (3.68) 

Then from the proofs of Lemmas 13.1113.51 we see that every element a G Aut(^) can 
be uniquely expressed as (the uniqueness can be seen from the fact that each data in 
(6, c, i, M, w, a, /3, 7) is uniquely determined by a) 

a = Cb,ce%^n^S^,i3,-^f for some {b, c, i, u, w, a, (3, 7) G C°° x C~ x Z2 x C*^ x C^ (3.69) 

where Z2 = Z/2Z, and all notations can be found in (^-^^, ^Mj—^M) and fl338D . 
Therefore there exists a one to one correspondence / : Aut(=Sf) — ^ C°° x C°° x Z2 x C*^ x C^, 

/ : a ^^ (6, c, i, M, w, a, /3, 7). (3.70) 

Suppose B = 6,ce*B„^^5a,/3,7, B' = ^b',c'£''Qu'i^w'Sa',f3',^' G Aut(^). Let 

BB' = B" = ^b",c"^^ ^u"'4^w" ^a" ,f3" ,'y" ■ 

Then the data (6", c", i", m", w", a", (3", 7") G C°° x C°° x Z2 x C*^ x can be determined 
by the following lemma. 
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Lemma 3.6. Under the above notations, the following relations hold: 

w"=ww', (3.71) 

i" = i + i\ (3.72) 

u" = u^-'^\', (3.73) 

7" = ti;'-% + y, (3.74) 

a" = ^^'"^ + ^\ (3.75) 

= + a'^ + /5' + y, (3.76) 

y; = bj + {~iywb[_,y.u^-'y^, (3.77) 



C'l = Ck + w\-iyc',^y,U^-^^\ 2aW^kb[_^y 



u 



(-i)'fc 



i~iywk-\k - j)ik - 2j)(«('^)'^&'(_i).,&.-,-^(-^)'('=-^-)fe.6'(_i).(.-,)) 
-Z^ ^ • I'^-'^J 

Proof. Using the equation BB'(Lo) = ii"{Lo) and comparing the coefficients of Lq, Yj (j 7^ 0), 
Mfc (A; 7^ 0) and Mq, we can deduce f lX72]) . fIXTTD . flXTS]) and 

= + w^w'S'. (3.79) 

Applying both sides of 66' = 6" to Yq and comparing the coefficients of Mj (j 7^ 0), one can 
deduce f l3TB . Then by fl3T9|) . we obtain (jSUl). 

Similarly, applying both sides of 66' = 6" to Mi and comparing the coefficients of 
one can deduce (13.731) . 

Using 66'(Yi) = 6"(Yi) and comparing the coefficients of M(^_-^y+ii , one has (I3.75p . 

Finally, applying both sides of 66' = 6" to Li and comparing the coefficients of M(^_-^y+i' , 
one can deduce fl3.76p . □ 

Thus, we obtain the following theorem. 

Theorem 3.7. Under the map f defined in ( 3. 70^ , the automorphism group Aut(^) is 
ismorphic to the group <C°° x C°° x Z2 x C*^ x {where the elements in C°° is denoted as 
in l \3.67\ j), whose group multiplication is given by 

{b, c,i,u,w,a,(3,'y)- {b', c', i', u', w', a', f3', 7') = (6", c", t", u", w", a", 7") , 

where the data {b" ,c" ,i" ,u" ,w" ,a" , f3" is given by Lemma \3. (A 

Corollary 3.8. lnn(=Sf ) = Span{exp(aLo + ^i^i + Xl^yo ^j^i) I ^3 ^ ^} ■ 

Proof. The result follows immediately by noting from (13. ip that Inn(=Sf) is generated by 
expaLo, expfeo^o and S,b,c (which is defined in (13.680 ). □ 
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